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Abstract— In this paper we propose a novel family of kernels
for multivariate time-series classification problems. Each timeseries is approximated by a linear combination of piecewise
polynomial functions in a Reproducing Kernel Hilbert Space
by a novel kernel interpolation technique. Using the associated
kernel function a large margin classification formulation is
proposed which can discriminate between two classes. The
formulation leads to kernels, between two multivariate timeseries, which can be efficiently computed. The kernels have
been successfully applied to writer independent handwritten
character recognition.

I. I NTRODUCTION
In recent years with the advancement in computer storage
and sensor technologies it has become possible to efficiently
gather and store temporal data in real world applications.
These improvements have made temporal learning a plausible
and important area of research in machine learning. Temporal learning involves many learning problems of interest
including alignment matching, classification and clustering.
Temporal/time-series classification is manifested in many
real world applications including online handwritten text
recognition, speech recognition, financial anamoly detection
and many other business and personal applications. The
problem of online handwriting recognition is to infer the
written character and/or character sequence given a timeseries written on a touch sensitive device. A similar situation
arises in speech processing where utterances of various
words, vowels etc are represented by multidimensional timeseries of LPC coefficients.
Recently, mobile handheld devices like PDA have become
very popular mode of personal computing. These devices
have very stringent size and power/processing constraints.
Traditional input interfaces like keypads are not suitable
and new interfaces like touchpads have become popular.
These interfaces are required to be as efficient as traditional interfaces. These devices are mainly used for interpersonal communication, hence language interfaces like
speech/handwriting need to be efficient and accurate. The
usage of these interfaces depends on the efficiency and
accuracy of the methods applied to solve these problems.
Time series classification provides a general framework for
language independent interfaces.
Handwritten character based interfaces are one of the simplest and popular mobile touchpad interfaces. Handwritten
character recognition(HCR) is one of the widely researched
problem in pattern recognition, with methods that handle
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offline and online handwritten character recognition. Realtime applications of HCR requires usage of online handwritten character recognition methods. Time series classification
provides a general setting for Multi-lingual online HCR. In
this paper, we provide an efficient time series classification
method which has been successfully applied to language
independent online handwritten character recognition.
In general a time-series is represented as a set of time
ordered vectors

F = fF (t ); F (t ); :::; F (tn )g
where F is the time-series, F (tk ) denotes a vector sampled at the time instant tk 2 R, tk < tl . where k < l and n
1

2

is the total number of samples. Note that the time differences
tk tk 1 are not necessarily constant.
The problem of time-series classification has been well
studied in the area of speech processing/recognition where
Hidden Markov Models (HMMs) have emerged as a powerful tool. The applicability of HMMs to online handwriting
recognition was explored in [1] with mixed results. There
are other methods based on Dynamic Programming approach
such as Dynamic Time Warping which are efficient and
have been successfully applied to the problem of timeseries classification. A variant of DTW which uses clustering
techniques was proposed in [2]. Current literature suggests
that the state of the art for online handwriting recognition
is online Scanning N-Tuple(SNT) algorithm[3]. The SNT
algorithm converts the time series into strings using chain
coding techniques, a language modelling technique is later
applied to the strings to build a statistical model [4]. The
statistical models so built are used for classification.
In recent times, Support Vector Machines (SVMs)[5] have
emerged as a powerful method for classifying fixed length
vectors. SVM is a large margin classification formulation
which tries to minimize the generalization error while keeping the empirical error low. Given N vectors and their
associated labels D = f(x1 ; y1 )    (xN ; yN )g, such that xi 2
Rd , yi 2 f+1; 1g and i 2 f1 : : : N g. SVM learns a linear
discriminant function

f (x) = sign(wT x + b)
such that

minw;b
subj to
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This is a quadratic programming problem which can be
efficiently solved using the dual. The dual is given by,
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where i ’s are the Lagrange multipliers. The w and b can
be calculated from Karush-Kuhn-Tucker conditions. In the
dual problem and the discriminant function f () the input
vectors are only seen in the form of dot products. Using
kernel functions [6] one can extend the classification framework to arbitrary feature spaces. The kernel function K (; )
is essentially positive semi-definite symmetric function of
the input data and it can be interpreted as a dot product
K (xi; xj ) = (xi )T (xj ) between samples () in a suitably
defined feature space. SVMs have been proved to have good
generalization ability and have been applied to large number
of problems.
The main research issue in extending the SVM formulation
to time-series data is the design of these kernels. The Fisher
kernel [7] was an important breakthrough which was successfully applied to classifying protein sequences. It combines a
generative model like a HMM with discriminative methods
like SVM. The kernel function is derived from a HMM.
Each kernel computation requires two passes of a forward
backward algorithm on a pre-trained HMM and hence is
computationally heavy. Alternatively it is possible to derive
kernels based on dynamic programming based alignment
for classification of sequences [8]. Gaussian Dynamic Time
Warping (GDTW) is an instance of such an approach, which
was explored by [9] for online handwriting recognition with
encouraging results over HMM based classifiers. GDTW
combines the RBF kernel with the score obtained by the
DTW comparison between two time series. The GDTW
kernel is calculated as,

K (Fi ; Fj ) = e

D(Fi ;Fj )

where Fi and Fj are input sequences and
distance defined as.

D(Fi ; Fj ) = min
;

i j

D is the DTW

n
1X
d(Fi ( i (k)); Fj ( j (k)))
n

k=1
where is the alignment path and d is the local distance
measure, Euclidean distance can be used as d in most
applications. (See [10] for more details). For SVMs to be
applicable to online HCR applications an efficient method
of kernel computation between time-series is needed.
In [11] a piecewise linear function approximation was
used to re-sample the time series vector, which was used
to train a SVM classifier. In this paper we study the problem
of classifying multivariate time-series and develop efficient
kernels suitable for online handwriting recognition on a
handheld device like PDA.
The main contribution of the paper is to propose a set
of kernels for time-series which can be used not only for

classification, but other applications like clustering, novelty detection etc. The other important contribution is to
generalize the piecewise linear interpolation scheme used
in [11] to piecewise polynomials in a Reproducing Kernel
Hilbert Space (RKHS) setting. Lastly the paper also gives
an efficient O(n) algorithm for computing the interpolation
step rather than an O(n3 ) algorithm proposed in [11]. This
allows for efficient computation of the decision, in online
HCR applications, on handheld devices.
This paper is organized as follows. Section II describes a
scheme for interpolation of a time-series by sum of polynomials in a RKHS. The scheme is used to derive a continuous
function describing the time-series. In Section III a large
margin formulation is later derived to discriminate these
interpolated functions. Section IV describes the empirical
evaluation of the proposed formulation with the state of the
art on several representative benchmark datasets. Section V
describes the contributions and concludes the paper.
II. RKHS

BASED PIECEWISE POLYNOMIAL
INTERPOLATION

In this section we start by briefly describing an interpolation scheme due to Moore [12], which uses piecewise
polynomial functions as basis functions. The interpolation
scheme is used to represent each time-series as a function and
using a large margin approach we show how to discriminate
between such functions. Kernels are extracted from the
formulation and an algorithm is provided for time series
classification.
Let 0  s1 < s2 < : : : < sn 1 < sn  1 be a sequence
of points and let Fk = F (sk ) be the function F : [0; 1℄ ! R
evaluated at sk . The interpolation problem can be viewed as
approximating F given D = f(sk ; Fk )j1  k  ng.
Denote by Hq the space of all functions f : [0; 1℄ ! R,
whose q th derivatives are in L2 (0; 1). It can be shown that
Hq is a RKHS [12] with the inner product defined as,

Z1
q 1 (j )
X
f (0)g(j) (0)
hf; gi =
+ f (q) (t)g(q) (t)dt; (1)
j
!
0
j =0
where f; g 2 Hq and f (r) (t) denotes the rth derivative.

The reproducing kernel for the RKHS is,

Rsq (t) =

Z min(s;t) (s u)q 1 (t u)q 1 du
q 1 j j
X
st
+
2
((q 1)!)2
0
j =0 (j !)

As special cases of the above function,
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Consider the function F ,
n
X
F (s) = k Rsqk (s);
(2)
k=1

hw; wi
yi (hw; Fi i + b)  1
(4)
1iN
As w 2 Hq , one can express w as linear combination of
minw2Hq ;b

2.5

1
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subject to

2

the basis functions in

dl Rml (t);
l=1
where ml are normalized time instants such that ml 2
[0; 1℄. The vector m = [m1 ; : : : ; mM ℄ needs to be chosen appropriately dependingP
on the data. The inner product
Pn2 between
1
q
q
two functions F1 = n
k=1 k Rsk and F2 = l=1 dl Rsl is
given by,
w(t) =

1.5

1

Hq , specifically,
M
X
q

0
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where the basis function Rsqk (s) are piecewise polynomial.
For any 0  s  1 and f 2 H q , the basis functions
q
satisfies, hf; Rs i = f (s); which is also referred as the RKHS
property. To ensure F best approximates F , one can choose
q
by requiring that, h(F F ); Rsk i = 0 8k = 1; 2; : : : ; n:
Using equation (2) and the RKHS property, the above set of
equations reduces to,

n
X

hRsqk ; Rsql i k = F (sl ):

k=1
This is a set of linear equations in and can be efficiently
solved. It can be shown that such a choice of is optimal
and the resulting F best approximates F given D.
III. L ARGE -M ARGIN C LASSIFICATION
TIME - SERIES

OF UNIVARIATE

A univariate time-series F = fF1 ; : : : ; Fn g Fk = F (tk );
evaluated at time instants F (tk ) 2 R; 0  t1 < t2 < : : : <
tn ; can be approximated by a continuous function (2). the
basis coefficients can be chosen to satisfy,

G = [F1 :::Fn ℄T ;
(3)
q
q
where Gkl = hRsk ; Rsl i, is the Gram Matrix for the basis
q
elements Rsk .

The learning problem can be posed as that of computing
a classifier on the dataset

T = f(F i ; yi )jFi 2 Hq ; yi 2 1; 8i = 1; 2; : : : ; N g
.

More precisely the problem can be stated as finding a w
Hq and b 2 R so that the decision function given by,

2

hF ; F i =

n1 X
n2
X

q
q
k dl hRsk ; Rsl i:

(5)
k=1 l=1
Using the above definition the inner product of w and data
F is,
1

 =
hw; Fi

2

M X
n
X

dl

T
q
q
k hRml ; Rsk i = d A

;

l=1 k=1
where = [ 1 ; : : : ; n ℄ is a vector determined by (3). The
A matrix is given by
q ; Rq i 1  l  M; 1  k  n;
Alk = hRm
(6)
l sk
where M is the number of basis functions describing

w.

Again from the definition of the inner-product (5), the
objective can be stated as,

jjwjj = hw; wi =
2

M X
M
X

q ; Rq i:
dk dl hRm
k ml

(7)
k=1 l=1
Using (7) the optimization problem (4) can be restated as,

mind;b
subject to
where
by,

dT Bd
yi (dT A(i) (i) + b)  1
1  i  N;
1
2

(8)

B is the Gram matrix for the basis functions given

q ; Rq i
Bkl = hRm
k ml
(i)
(i)
from equation (7), A and
is the A matrix and vector
respectively for the ith data point.
The matrix B is positive semi-definite and hence the

optimization problem (8) is an instance of convex quadratic
programming and can be solved by standard tools. The
decision function can now be evaluated as,

y = sign(hF ; wi + b);

y = sign(dT A + b):

can correctly predict the class label of a given time-series. A
w chosen such that it has the minimum norm hw; wi provides
the best generalization [5]. The formulation for finding w and
b is,

The above formulation (8) provides a unified scheme for
time-series classification. The formulation is extended to
handle multivariate data. A simple O(n) scheme is also
suggested for linear interpolation.

A. The time-series kernel

U U T .

The Gram matrix B can be factorized as B =
Where U is the matrix formed by normalized eigen vectors
and  is a diagonal matrix, the eigen values being the
diagonal elements. It can be shown that UU T = U T U = I .
Based on this we can extract a kernel from (8) that can be
used to calculate similarity between sequences of time-series.
1
1
Let d = U T  2 u:, where  2 is the inverse of the matrix
square root of the diagonal matrix . Substituting in (8) one
obtains the following formulation.
1 T
minu;b
u u
2
subject to yi (uT Xi + b)  1 ;
(9)

1  i  N;

where

Xi =  2 UA(i)
1

i

( )

:

The matrix  U can be pre-computed for faster operation.
The computation cost of each Xi involves the computation of
(i)
’s (from (3)) which is O(n3 ) and A(i) ’s (from (6)) which
is O(n2 ). The formulation (9) is equivalent to an SVM [5]
with the Kernel,
1
2

B. Fast inversion scheme for piecewise linear basis functions
The calculation of vectors Xi , depends on time-series
interpolation, which is quadratic in size of the timeseries(O(n2 )). However, for piecewise linear basis functions,
q = 1 (see equation (1)), it is possible to do the interpolation
in time linear in size of the time-series(O(n)). Note that the
basis functions can be written as,

Rt (s) =

hF; Gi =

L
X
p=1

hFp ; Gp i:

f (sl ) =

K (i; j ) =

p=1

XiTp Xjp

subject to

k<l

f (sl 1 ) =

X
k<l

k (1 + sk ) + (1 + sl

X

k ):

kl

Subtracting one from the other we have,

f (sl ) f (sl 1 ) = (sl sl 1 )
The coefficients

l

1

)(

1

X
kl

X

kl

k ):
1

k:

can be calculated as follows.

X
= f (ssl ) fs (sl 1 )
k:
l

n

= XiT Xj ;

P
PP
1
i
i j i j yi yj K (Xi ; Xj )
2
P
i yi i = 0
0  i  C; 1  i  N:

k (1 + sk ) + (1 + sl )(

l

(12)

k>l

1

The boundary conditions being,

(10)

= f (ssn ) fs (sn 1 ) :
n

and
1

where Xi = [XiT1 ; : : : ; XiTL ℄T , which is equivalent to
concatenating the univariate vectors Xip .
As in standard SVM procedure one can derive the dual
of the formulation in equation (9) and relax the formulation
to handle non-separable data by using any positive definite
kernel and restricting the i ’s to be less than a user defined
constant C > 0[5].

min

X

Also note that,

Using this definition one can compute the kernel as,

L
X

1+s 0s t
1 + t t  s  1:

The structure of the basis functions can be exploited to obtain
a recursive formula for k which leads to a fast algorithm
for interpolation.
Consider a function f whose values are available at various
time instants, sk ; 1P k  n. We are interested in finding k
such that f (s) = k k Rsk (s). See that sk < sl whenever
k < l which gives

K (Xi; Xj ) = XiT Xj :
In the case of handwritten data the PDA gives two timeseries, one for each coordinate or in case of speech data
there can be multiple time varying features. The theory
developed so far can handle only univariate time-series. In the
following we generalize the approach to handle multivariate
time-series.
In general consider a vector of functions with L dimensions, F = [F1 ; : : : ; FL ℄T . The inner product of two such
functions F and G, each with L dimension



i

(11)
We have experimented with the Radial Basis kernel,
2
K (Xi ; Xj ) = e kXi Xj k :

n

(s1 )
= 1f +
s

1

1

X
k>1

k

.
This sets up a recursive formula for calculating k , see that
it proceeds backwards starting from n. The worst case time
complexity of the above algorithm is O(n) which is again
considerably cheaper than the matrix inversion step.
Suitable changes can be made to the algorithm to make it
work for higher order interpolation functions (q > 1).
C. A comparison with resampled approach
In [11] a two step scheme for interpolation and resampling
was used with SVM classification. The classification kernel
in such a case is a simple L2 product of the resampled vector.

Kij = (A(i)

i )T (A(j ) (j ) );

( )

where is the coefficients of basis functions (3), and A is
as defined in (6). In the proposed formulation, the kernel
obtained after optimization is given by,

are identical.
In this section, we have proposed a formulation for classifying time-series and discussed several ways in which
the formulation can be practically applied to real world
problems. One of the strengths of our formulation is that
we can employ polynomials of any positive order. It must be
noted that as the order increases, the piecewise polynomials
attain increasingly complicated shapes. Trade off must be
decided between the complexity of the piecewise polynomial
and the extent of fitting that is done.
IV. E XPERIMENTS
In this section, the efficacy of the large margin classifier
proposed in the previous section is tested on three benchmark
datasets from Unipen [13] and the results are compared with
other state of the art algorithms such as CS-DTW [2] and
Online SNT algorithm [3].
Experiments were conducted on the standard train r01 v07
package from Unipen, more specifically experiments were
conducted on three datasets namely, 1a (Digits), 1b (uppercase alphabets) and 1c (lowercase alphabets). Results
from other authors [3] are available on these datasets for
comparison. Pendigits[14], Japanese vowels[15] are other
real world datasets on which our experiments were carried
out and compared with previously known work. The data is
freely available online and hence provides an easy way to
benchmark the algorithms.
The data needs to be pre-processed before applying the
proposed formulation (11) . The first step involves converting
the Unipen form data into a time-series containing a series
of [x; y; t℄ for each character. This is achieved by extracting
strokes from the data which is available in the data, and
obtaining the time-series for each of the strokes. Time series
for a character is obtained by concatenating the time-series
obtained by individual strokes in the character. Each of the
series is further normalized in x; y , such that the character
lies in a fixed size box of 50  50 points. The scaling is done
such that the aspect ratio of the character was maintained.
The character is also translated on both x and y axes such
that the minimum value for these axes is zero. The code for
preprocessing, training and testing are available for download
from our site [16].
The pre-processed data was randomly divided into three
sets, with 50% of the data used for training, 16% for
validation and the remaining 33% of the data used as the
unseen test data set. Classifiers were tuned on the validation
set to obtain the best values for the classifier parameters –
of the Gaussian kernel, m the number of basis vectors
in the discriminating function and the cost parameter of
SVM. The classifiers so tuned was used for classification of

1

10

log(λ)

Kij = XiT Xj = (A(i) (i) )T B 1(A(j) (j) ):
Thus if the matrix B is identity, then the two formulations
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Fig. 2. Comparison of eigen values of
matrix, plotted on a log scale.
The first eigen value is an order of magnitude greater than the other eigen
values.

the unseen test data. The results of the experiments along
with results from previous work are provided in Table I. In
general, the number of basis vectors in the discriminating
function m was fixed at 20 with mk ’s dividing [0,1] into 19
equal intervals.
In the previous section it was shown that (8) can be
solved by standard SVM solvers. The experiments were
carried out by adding these custom kernels to the libsvm
package[18]. The kernel in equation (10) takes different
forms with different order of interpolation polynomials. We
have limited our experiments upto second order interpolants
(q = 1; q = 2 in equation (1)). The experiments can be easily
extended to higher order interpolants.
The performance of our kernels is competitive to state
of the art methods in all the four benchmark datasets. The
interpolation kernels have a time complexity of O(m) and
in the above experiments the optimum value of m was
15. Thus interpolation kernels provide us with an efficient
algorithm for classifying time-series on handheld devices.
The performance of the linear interpolation is slightly better
than that of the quadratic interpolation scheme. This may be
specific to the online handwriting domain.
A. Low-rank approximation
During the experiments it was observed that the largest
eigen value of the G matrix (3) was an order of magnitude
larger than the other eigen values. This provides us with
a possibility of using a low rank approximation for G
while solving equation (3). Using such an approach with
a fast Monte Carlo evaluation of the largest eigen value
and the corresponding eigen vector will further speed up the
algorithm.
V. C ONCLUSION
In this paper a large margin based classification scheme
is described for classifying multivariate time-series. The
scheme proceeds by representing each time-series as a sum
of piecewise polynomial basis functions through a kernel
interpolation technique. Using the kernel a large margin
formulation is developed which is capable of classifying
such interpolated functions. The kernels are shown to be

TABLE I
G AUSSIAN I NTERPOLATION K ERNELS WITH FIRST AND SECOND ORDER INTERPOLATION COMPARED WITH OTHER STATE OF THE ART METHODS .

Data
Unipen dataset (R01/V07) 1a
Digits (0-9),

Unipen dataset (R01/V07) 1b
Upper case alphabets (A-Z),

Unipen dataset (R01/V07) 1c
Lower case alphabets (a-z),

UCI dataset Digits(0-9)
UCI dataset Japanese Vowels

Approach
Interpolation Kernel
CS-DTW [2]
DAG-SVM-GDTW [9]
HMM [17]
OnSNT [3]
Interpolation Kernel
CS-DTW [2]
DAG-SVM-GDTW [9]
HMM [17]
OnSNT [3]
Interpolation Kernel
CS-DTW [2]
DAG-SVM-GDTW [9]
HMM [17]
OnSNT [3]
Interpolation Kernel
GDTW
Interpolation Kernel
5-state HMM

competitive in writer independent handwriting recognition
on four real world datasets. We also give a fast algorithm
for computing the interpolation when piecewise linear basis
functions are used. As a by-product the kernel interpolation
described can be useful in many other machine learning
tasks.
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